We formulate quantum mechanics as an effective theory of an underlying structure characterized by microstates |M j (t) , each one defined by the quantum state |Ψ(t) and a complete set of commutative observables O j . At any time t, |M j (t) corresponds to a state |O j k , for some k depending on t, and jumps after time intervals whose duration, of the order of the Compton time τ , is proportional to the probability | O j k |Ψ(t) | 2 . This reproduces the Born rule and mimics the wave-particle duality. The theory is based on a partition of time whose flow is characterized by quantum probabilities. Ergodicity arises at ordinary quantum scales with the expectation values corresponding to time averaging over a period τ . The measurement of O j provides a new partition of time and the outcome is the state |O j k to which |M j (t) corresponds at that time. The formulation, that shares some features with the path integral, can be tested by experiments involving time intervals of order τ .
Introduction and summary.-We show that quantum mechanics can be formulated in terms of ergodic average of microstates. The key point is that physical states have determined quantum numbers for time intervals which are of the order of Compton time
The role of the Schrödinger equation is to determine a partition of time by fixing the evolution of probabilities. A quantum state |Ψ(t) and a complete set of commuting observables (CSCO) O j define a microstate |M j (t) describing O j with defined values and jumping at given times. The set of probabilities associated to the eigenvalues O j k 's is proportional to the time interval during which |M j (t) corresponds to |O j k . At the quantum scales such jumps mimic the wave-particle duality behavior.
The formulation reproduces the results of quantum mechanics, in particular the Born rule, with corrections of the order of τ that may be experimentally tested. The expectation value of the observables corresponds to the time averaging over a cycle of length τ . The outcome of a measurement of O j at time t is just the eigenvalue of the self-adjoint operatorÔ j acting on |M j (t) . Some features of the formulation resemble the intermediate time partition [1] in the Dirac-Feynman path integral [1] [2] .
Time partition by quantum probabilities.-Let |Ψ(t) be a normalized quantum state in a Hilbert space H. Set
with N = [t/τ ] the integer part of t/τ . In the following, for any N , we make a partition of ∆ N by the probabilities | O k |Ψ(t) | 2 , with {O k } the spectrum of the self-adjoint operatorÔ associated to the observable O.
For any O k and N , fix a set of 2n k ordered times
satisfying the condition
Define, for j ∈ [1, n k ], the sets with empty intersection
We require empty intersection even for the time intervals associated to each pair
Consider the subset of ∆ N
and note that (3), (4), (6) and the condition
imply that the t k,j (N )'s also satisfy the relation
The above construction provides a partition of time that depends on |Ψ(t) and {O k }. This means that the quantum probabilities, seen as independent data, constrain the events and therefore the time flow. In the case of a time independent Hamiltonian H, the coefficient | O|Ψ(t) | is time independent when [H,Ô] = 0. It follows that the times t k,j (N )'s associated to the observables commuting with a time independent Hamiltonian can be chosen in such a way that
In this case the length of the intervals I k,j is independent of N . It follows that such observables, and in particular the Hamiltonian, play a special role as each eigenvalue O k defines n k time intervals of period τ . Time and observables.-Here the Schrödinger equation describes the evolution of time partition. A related quantity is the step function
that satisfies remarkable properties. First, we have
where < · > τ denotes the time average
Next, (6) and (9) imply that for all t > 0 there is one and only one value of k such that S k (t) = 0. Hence,
For all t > 0 and j, k, we have the key relation
that can be interpreted as an intriguing orthonormality condition with indexes j, k and t. We associate to each O k a function of t which takes the value O k in I k,j (N ) if t ∈ I k,j (N ) and 0 otherwise
and set
We haveÔ(t)
Note that for t / ∈ {|Ψ(t) , O k },Ô(t) acts as annihilator operatorÔ(t)|O k = 0. By (12) the state
has time average
|O k (t) is eigenstate ofÔ with eigenvalues that may be either O k or 0. Furthermore, by (15),
Note that O j (t)|O k (t) = δ jk S j (t). For any t, {|O k (t) } describes a one dimensional subspace H(t) of H that in the time ∆ N spans the subspace H N of H, with basis
Let us give an example of how |Ψ(t) and O define each S k (t), and therefore O(t), by considering the case in which the unique non vanishing probabilities are
, so that k = 2. By (9) and (4) t 2,2 (N ) = t 1,1 (N ) and t 1,2 (N ) = t 2,3 (N ) = t 1,1 (N ) + τ l(N τ ). Finally t 2,4 = (N + 1)τ . Therefore,
where
Microstates and Born rule.-In the following, we will associate the probability of finding the value O 
Furthermore, the step function now is S j k (t), defined as in (11) k . Let us first investigate the case of times associated to a CSCO. We consider the example of the basis state |E n , l, m in the Hilbert space of the hydrogen atom. As in (8), for any possible |Ψ(t) , we have n,l,m | E n , l, m|Ψ(t) | 2 = 1. Therefore, as far as the time partition is concerned, E, L 2 and L z can be considered as a single observable O, with the corresponding eigenvalues labeled by three indexes, that is O n,l,m . As in the case of a single observable, for each |Ψ(t) , even O n,l,m provides a partition of time. This implies that, for any t, O(t) corresponds to O n,l,m , with n, l, m fixed by t ∈ {|Ψ(t) , O n,l,m }. That is, the three observables have, simultaneously and for the time intervals {|Ψ(t) , O n,l,m }, the values E n , l and m. Such a construction extends to all CSCO's. In the following we denote a CSCO by O j with fixed j. The index of an eigenvalue will be a multi-index, e.g.
By O j k |M j (t) = S j k (t) it follows that the state |M j (t) jumps instantaneously from an element of the basis {|O j k } of H to another one. In particular,
Furthermore, for any t > 0, (14) implies
and by (15)
Finally, for any t > 0 M j (t)|M j (t) = 1. By construction, each eigenstate |O j k in the microstate (27) appears for a time interval which is proportional to the probability of finding the eigenvalue O j k in a measurement of O j in the state |Ψ(t) . As we will see in more detail below, if the state is described by |M j (t) then a measurement at random times of O j reproduces the probability distribution provided by the rules of standard quantum mechanics.
Let us now consider the case of two non commutative observables, O j and O k . Such observables define partition of times which are incompatible with the mentioned correspondence between the probability distributions in a measurement of O j and O k . The point is that a partition of time intervals requires that at each time a given observable has fixed values. Therefore, for any t, the eigenvalue O A property of microstates is that the probability of finding the value O j k in a measurement of O j in |M j (t) at a random time t ∈ ∆ N is proportional to the sum of the time intervals between N τ and (N + 1)τ . In other words, by (4), we recover the Born rule
that can be also expressed in the form
(33) The last equality, consequence of (15), is reminiscent of the standard quantum formula. The reason why the interference terms do not appear in the square in (33) is that the time partition induces the orthonormal property (15). On the other hand, even if |M j (t) depends only on the modulus of the O j k |Ψ(t) 's, the full information in the state |Ψ(t) can be reobtained from the structure of the set {|M j (t) }. In particular, the full
2 , is of order t − N τ . In this respect, it is worth mentioning that at the present the most accurate measure of time in a quantum experiment concerns the absolute zero of time in the photoelectric effect. This has been measured to a precision better than 1/25th of the atomic unit of time, that is ≈ 10 −18 s [3] . This suggests that in a near future it will be possible to consider experiments measuring scales of the Compton time of the electron ≈ 10 −20 s. A possible experimental test of the formulation is to perform multiple measurements of the electron spin of identical prepared states, at time intervals shorter than the Compton time, and checking a deviation from the probability distribution due to the granularity of the time partition. We also note that neutrinos have a Compton time which is much bigger than the one of the electron, therefore the jumps of their quantum numbers should be more easily observed. This may shed light on their oscillations.
It is immediate to check that
so that we have that at ordinary quantum scales
Note that integrating O j (t) between ατ and (α + 1)τ , with α / ∈ N, would give, in general, a different value with respect to the case α ∈ N. The reason is that, as
